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Asymmetri nulear matter at sub-saturation densities is shown to present only one type of
instabilities. The assoiated order parameter is dominated by the isosalar density and so the
transition is of liquid-gas type. The instability goes in the diretion of a restoration of the isospin
symmetry leading to a frationation phenomenon. These onlusions are model independent sine
they an be related to the general form of the asymmetry energy. They are illustrated using density
funtional approahes.
PACS numbers: 21.65.+f, 25.70.Pq,71.10.Ay
Phase transitions are universal phenomena of matter in
interation. The oexistene regions whih orrespond to
thermodynamially-forbidden areas exhibits general fea-
tures suh as metastabilities or instabilities. Sine strong
interation between nuleons is of Van der Waals type
nulear systems are expeted to present a liquid and a
gas phase haraterized by their respetive densities [1℄.
Sine nuleons an be either protons or neutrons the tran-
sition ours in a two uid systems whih may lead to a
riher phase diagram involving up to two order parame-
ters. It has been argued that, asymmetri nulear mat-
ter (ANM) presents dierent types of instabilities : a
broad hemial instability region with the onentration
as order parameter and a narrower domain of mehanial
instability for whih the total density plays the role of a
seond order parameter [2, 3℄. In this letter, we will show
that spinodal instability and phase transition in ANM
involves a unique order parameter whih reets density
utuation between the two phases. We will stress that
the transition indues variations of the onentrations
leading to the isospin frationation [4℄ similar to the one
experimentally observed [6℄. These properties and in fat
all the harateristis of the instabilities are independent
of their usual lassiation as hemial or mehanial in-
stabilities. These onlusions are related to general prop-
erties suh as the isospin dependene of the asymmetry
energy. The shape of the spinodal region and the asso-
iated instability times depend upon the model so the
observation of spinodal deomposition may provide on-
straints on the isospin dependene of the eetive fores.
Let us onsider ANM haraterized by a proton and
a neutron densities ρi = ρp, ρn. These densities an be
transformed in a set of 2 mutually ommuting harges
ρi = ρ1, ρ3 where ρ1 is the density of baryons, ρ1 =
ρp + ρn, and ρ3 the asymmetry density ρ3 = ρn − ρp.
In innite matter, the extensivity of the free energy im-
plies that it an be redued to a free energy density :
F (T, V,Ni) = VF(T, ρi). The system is stable against
separation into two phases if the free energy of a sin-
gle phase is lower than the free energy in all two-phases
ongurations. This stability riterium implies that the
free energy density is a onvex funtion of the densities
ρi. A loal neessary ondition is the positivity of the
urvature matrix :
[Fij ] =
[
∂2F
∂ρi∂ρj
|T
]
≡
[
∂µi
∂ρj
|T
]
(1)
where we have introdued the hemial potentials µj ≡
∂F
∂Nj
|T,V,Ni =
∂F
∂ρj
|T,ρi6=j . In the onsidered two-uids sys-
tem, the [Fij ] is a 2∗2 symmetri matrix, so it has 2 real
eigenvalues λ± [5℄ :
λ± =
1
2
(
Tr [Fij ]±
√
Tr [Fij ]
2
− 4Det [Fij ]
)
(2)
assoiated to eigenvetors δρ± dened by (i 6= j)
δρ±j
δρ±i
=
Fij
λ± −Fjj
=
λ± −Fii
Fij
(3)
Eigenvetors assoiated with negative eigenvalue indiate
the diretion of the instability. It denes a loal order
parameter sine it is the diretion along whih the phase
separation ours. The eigen values λ dene sound velo-
ities, c, by c2 = 1
18m
ρ1 λ. In the spinodal area, the eigen
value λ is negative, so the sound veloity, c, is purely
imaginary and the instability time τ is given by τ = d/|c|
where d is a typial size of the density utuation.
The requirement that the loal urvature is positive
is equivalent to the requirement that both the trae
(Tr[Fij ] = λ
+ + λ−) and the determinant (Det[Fij ] =
λ+λ−) are positive
Tr[Fij ] ≥ 0, and Det[Fij ] ≥ 0 (4)
The use of the trae and the determinant whih are two
basis-independent harateristis of the urvature matrix
learly stresses the fat that the stability analysis should
be independent of the arbitrary hoie of the thermody-
namial quantities used to label the state e.g. (ρp, ρn)
or (ρ1, ρ3). If Eq. 4 is violated the system is in the un-
stable region of a phase transition. Two ases are then
possible : i) only one eigenvalue is negative and one or-
der parameter is suient to desribe the transition or
2ii) both eigenvalues are negative and two independent or-
der parameters should be onsidered meaning that more
than two phases an oexist.
For ANM below saturation density, the ase ii) never
ours sine the asymmetry energy has always positive
urvature (F33). Indeed, the asymmetry term in the
mass formula behave like (N −Z)2 times a positive fun-
tion of A showing that the dominant ρ3 dependene of
the asymmetry potential energy is essentially quadrati
and that F33 is a positive funtion of the total den-
sity. Reent Brukner alulations in ANM [7℄ have on-
rmed the positivity of F33. They have parameterized
the potential energy with the simple form V(ρ1, ρ3) =
V0(ρ1)ρ
2
1 + V1(ρ1)ρ
2
3 with V0/V1 ∼ −3 and V0 < 0.
This is also true for eetive fores suh as Skyrme
fores. For example, the simplest interation with a on-
stant attration, t0, and a repulsive part, t3ρ1, leads to
V(ρ1, ρ3) = (3ρ
2
1−ρ
2
3)β(ρ1) with β(ρ1) = (t0+ t3/6ρ1)/8.
The funtion β(ρ1) is negative below saturation density,
hene the ontribution of the interation to F33 in the
low density region is always positive.
These arguments show that, below saturation density,
the ρ3 urvature, F33, is expeted to be positive for all
asymmetries. Sine the urvature in any diretion, Fii,
should be between the two eigenvalues λ− ≤ Fii ≤ λ
+
we
immediately see that if F33 is positive one eigen urvature
at least should remain positive. In fat for all models
we have studied F33 appears to be always large enough
so that the trae is always positive demonstrating that
λ+ > 0. Sine Tr[Fij ] = Fnn + Fpp, this an be related
to the positivity of the Landau parameter Fnn and Fpp.
The large positive value of F33 also indiates that the
instability should remain far from the ρ3 diretion i.e. it
should involve total density variation and indeed we will
see that in all models and for all asymmetry the insta-
bility diretion hardly deviates from a onstant asymme-
try diretion (δρ3 ≪ δρ1). This isosalar nature of the
instability an be understood by looking at the expres-
sion of the eigen-modes in the (ρn; ρp) oordinates. Sine
λ− ≤ Fii ≤ λ
+
, the dierenes λ− − Fii is always nega-
tive demonstrating, using Eq. 3, that the instability is of
isosalar type, if the Landau parameter Fnp is negative.
Hene, there is a lose link between the isosalar nature
of the instability and the attration of the proton-neutron
interation [5℄.
To illustrate the above results we will now use density
funtional formalism using Skyrme [9℄ and Gogny [10℄ ef-
fetive fores. It should be notied, that the extration
of the sound veloity orresponds to a random phase ap-
proximation (RPA) whih goes beyond the mean eld
approximation. We will fous on the isospin degree of
freedom for whih RPA approahes an be onsidered
as good approximations and disuss both zero and nite
temperature in ANM.
We represent in Fig. 1 the energy surfae as a funtion
of ρn and ρp, dedued from SLy230a Skyrme intera-
tion [11℄. In the symmetri ase (ρn = ρp), one an see
the negative urvature of the energy whih denes the
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FIG. 1: This gure represents the energy surfae as a funtion
of the densities ρn and ρp for the SLy230a interation. The
ontour delimitate the spinodal area.
spinodal area, whereas in pure neutron matter (ρp = 0),
no negative urvature and so no spinodal instability are
predited. We an also notie that the isovetor density
dependene is almost paraboli illustrating the positivity
of F33.
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FIG. 2: This two gures are a projetion of the spinodal on-
tour in the density plane : left, for Skyrme (SLy230a [11℄,
SGII [12℄, SIII [13℄) and Gogny models (D1 [10℄, D1S [15℄,
D1P [16℄) ; right, temperature dependene of the spinodal
zone omputed for the SLy230a ase.
The spinodal ontours predited by several models ex-
hibit important dierenes (see Fig. 2). In the ase of
SLy230a fore (as well as SGII, D1P), the total den-
sity at whih spinodal instability appears dereases when
the asymmetry inreases whereas for SIII (as well as D1,
D1S) it inreases up to large asymmetry and nally de-
reases. Considering the impliit equation of the spinodal
limit g(ρ1, ρ3) ≡ Det[Fij ] = 0, we an show that the ur-
vature of the spinodal around the symmetry is related
to ∂2g/∂ρ23(ρ3 = 0). The isospin symmetry impose that
∂g/∂ρ3(ρ3 = 0) = 0 and one an show that
∂2g
∂ρ2
3
|ρ3=0 = Det
[
∂Fij
∂ρ3
|ρ3=0
]
+ (F1133F33 + F3333F11 + F1333F13). (5)
3Assuming that the forth derivatives of the free energy
are negligible ompare to the third one, the urvature
of g is mainly given by Det[∂Fij/∂ρ3] where ∂Fij/∂ρ3
is nothing but the urvature matrix of ∂F/∂ρ3, i.e. the
asymmetry density dependene of the free energy. We ob-
serve that all fores whih fulll the global requirement
that they reprodue symmetri nulear matter (SNM)
equation of state as well as the pure neutron matter al-
ulations, leads to the same urvature of the spinodal
region.
The temperature dependene of the spinodal ontour
an be appreiated in the right part of Fig. 2). As the
temperature inreases the spinodal region shrinks up to
the ritial temperature for whih it is redued to SNM
ritial point. However, up to a rather high temperature
( 5 to 10 MeV) the spinodal zone remains almost idential
to the zero temperature one.
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FIG. 3: Sound veloity as a funtion of the density. Negative
values of sound veloity means that it is imaginary (ǫ = i is
c− imaginary). On the left, we have hanged the asymmetry
parameter and xed the model (SLy230a), on the right, we
have hanged the models and xed y = ρp/ρ1=0.5.
We show in the right part of Fig. 3 the sound veloity
in SNM as a funtion of the density for several fores.
When we enter into the spinodal area, the sound veloity
beomes purely imaginary. The dierent fores predit
dierent instability time. However, for the set of fores
tted to reprodue the symmetri and the pure neutron
matter alulation, we observe a onvergene of predi-
tion as we already observed on the spinodal boundaries.
In the left part of Fig. 3 we an appreiate the redution
of the instability when we go away from SNM. However,
large asymmetries are needed to indue a sizable eet.
Various ontour of equal imaginary sound veloity are
represented in Fig. 4 for SLy230b and D1P interations.
The more internal urve orrespond to the sound veloity
i0.09c, after omes i0.06c, i0.03c and nally 0, the spin-
odal border. For these two reent fores whih takes into
aount pure neutron matter onstraints, the predited
instability domains are rather similar. We observe that
in almost all the spinodal region the sound veloity is
larger than 0.06c.
FIG. 4: This is the projetion of the iso-eigen values on the
density plane for Slya (left) and D1P (right). The arrows in-
diate the diretion of instability. The mehanial instability
is also indiated (dotted line).
Let us now fous on the diretion of the instability. If
δρ− is along y = ρp/ρ1=onst then the instability does
not hange the proton fration. For symmetry reasons
pure isosalar (δρ3 = 0) and isovetor (δρ1 = 0) modes
appears only for SNM so it is interesting to introdue
a generalization of isosalar-like and isovetor-like modes
by onsidering if the protons and neutrons move in phase
(δρ−n δρ
−
p > 0) or out of phase (δρ
−
n δρ
−
p < 0). Fig. 4 shows
the diretion of instabilities along the spinodal border
and some iso-instability lines. We observed that insta-
bility is always almost along the ρ1 axis meaning that it
is dominated by total density utuations even for large
asymmetries. Fig. 5 presents the angle of the eigen state
δρ− with the isosalar axis normalized by the angle be-
tween the y=onst line and the isosalar axis (denoted χ)
for 3 models (D1P, SGII, SLy230a). We an see that this
quantity is in between 0 and 1, so that the instability di-
retion is between the y=onst line and the ρ1 diretion.
This shows that the unstable diretion is of isosalar na-
ture as expeted from the attrative interation between
proton-neutron. The total density is therefore the dom-
inant ontribution to the order parameter showing that
the transition is between two phases having dierent den-
sities (i.e. liquid-gas phase transition). The angle with
the ρ1 axis is almost onstant along a onstant y line.
This means that as the matter enters in the spinodal
zone and then dives into it, there are no dramati hange
in the instability diretion whih remains essentially a
density utuation. Moreover, the unstable eigenvetor
drives the dense phase (i.e. the liquid) towards a more
symmetri point in the density plane. By partile on-
servation, the gas phase will be more asymmetri leading
to the frationation phenomenon. Those results are in
agreement with reent alulation for ANM [5℄ and nu-
lei [17℄.
We want to stress that those qualitative onlusions are
very robust and have been reahed for all the Skyrme and
Gogny fores we have tested (SGII, SkM
∗
, RATP, D1,
D1S, D1P,...) inluding the most reent one (SLy230a,
D1P) as well as the original one (like SIII, D1).
40.1 0.2 0.3 0.4 0.5 0.6
ρ1/ρ0
0.2
0.3
0.4
0.5
0.6
χ
y=0.05
y=0.15
y=0.45
FIG. 5: Angle of δρ− with the isosalar axis normalized by
the angle between the y=onst line and the isosalar axis
(denoted χ) for various values of y noted on the gure and
for 3 models (solid: SLy230a, dotted: D1P, dashed: SGII).
A dierent disussion an be found in the litera-
ture [2, 3℄. Therein, a hemial and mehanial stability
onditions
∂µp
∂y
|T,P > 0 and
∂P
∂ρ1
|T,y > 0 (6)
are introdued and two types of spinodal regions are de-
ned. This leads to the idea that two order parameters
should be introdued : the onentration in the hemial
instability zone and the baryon density in the mehan-
ial instability region. To try to onnet the eigenstate
analysis with this disussion one an use the relations
ρnDet[Fij ] =
∂µp
∂y
|T,P
∂P
∂ρ1
|T,y (7)
Comparing expression (7), with the identity Det[Fij ] =
λ+λ− one an be tempted to relate separately
∂µp
∂y
|T,P
and
∂P
∂ρ1
|T,y to the two eigenvalues λ
+
and λ−. This is
indeed orret in SNM [5℄ but theses relations break down
in ANM. For instane,
∂P
∂ρ1
|T,y = ρ1
∂2F
∂ρ2
1
|T,y is nothing but
the urvature of the free energy in the partiular diretion
of onstant proton fration and this diretion has no rea-
son to be an eigenvetor diretion, exept in SNM. Con-
sidering Eq. 7 only the produt
∂µp
∂y
|T,P ∗
∂P
∂ρ1
|T,y should
be used to spot the instability region. Eq. 7 shows that
at the onset of instability where Det[Fij ] = 0 the produt
should vanish. On the spinodal border,
∂P
∂ρ1
|T,y vanishes
only if the diretion of instability is the y=onst line.
This happens only for SNM therefore in general
∂µp
∂y
|T,P
should vanish rst irrespetively of the atual nature of
the instability. In partiular, the previous eigen vetor
analysis shows that in the so alled hemial region not
only the onentration utuations, δy, are amplied but
mainly the total density one, δρ1. When entering in the
mehanial spinodal zone (shown in Fig. 4) nothing spe-
ial happens : the instability strength evolves smoothly
(see also Fig. 3) and the assoiated vetor keeps pointing
in the same isosalar-like diretion (see Fig. 5). Conse-
quently, the hemial and mehanial stability onditions
should not be onsidered separately but ombined into
the determinant of the urvature matrix.
In this paper, we have shown that ANM does not
present two types of spinodal instabilities, a mehani-
al and hemial, but only one whih is dominantly of
isosalar nature as a onsequene of the negativity of the
Landau parameter Fnp. This general property an be
linked to the positivity of the symmetry energy urva-
ture F33. This means that the instability is always dom-
inated by density utuations and so an be interpreted
as a liquid-gas separation. The instabilities tend to re-
store the isospin symmetry for the dense phase (liquid)
leading to the frationation of ANM. We have shown that
hanging the asymmetry up to ρp < 3ρn does not hange
quantitatively the density at whih instability appears,
neither the imaginary sound veloity ompared to those
obtained in SNM. All the above results are not qualita-
tively modied by the temperature whih mainly intro-
due a redution of the spinodal region up to the SNM
ritial point where it vanishes. The quantitative predi-
tions onerning the shape of the spinodal zone as well as
the instability times depends upon the hosen interation
but onverge for the various fores already onstrained to
reprodue the pure neutron matter alulation.
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ussion during the preparation of this manusript.
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